Neutrino masses imply the violation of lepton flavour and new physics beyond the Standard Model. However, flavour change has only been observed in oscillations. In analogy with the quark sector, we could deduce the existence of a principle of Minimal Flavour Violation also for Leptons. Such an extension is not straightforward, since the mechanisms generating neutrino masses are unknown and many scenarios can be envisaged. Thus, we explore some possible definitions of MFVL and propose a notion that can include many models. We build an R-parity violating neutrino mass model in agreement with our preferred definition of MFVL, and show that flavour violating processes are not neccessarily controlled by the MNS mixing matrix.
Introduction
Minimal flavour violation [1, 2] in the quark sector, is a useful framework in which to construct TeV-scale models of New Physics. It is predictive, and includes many or most models that are consistent with quark flavour data. Recently, a definition of Minimal Flavour Violation (MFV) has been introduced for leptons [3] . The proposed formulation is predictive-it implies that lepton flavour violation is determined by the light neutrino mass matrix-but includes few of the many neutrino mass models [4, 5, 6, 7, 8, 9] that are consistent with current observations.
The flavour-changing mixing angles of the leptonic sector (MNS matrix), are not measured with the overconstrained precision of the CKM matrix. So MFV is not strongly suggested for leptons, as it is for quarks. However, if one assumes that there is new physics at the TeV-scale, that satisfies MFV or a similar principle in the quark sector, then it is reasonable to expect a similar principle to apply for leptons. So it is interesting to explore different possible definitions of minimal flavour violation for leptons (MFVL), and in particular to study whether it implies that lepton flavour violation is controlled by the MNS matrix and the light neutrino masses.
In this paper, we take the principle of MFV to limit the number of flavour structures allowed to the renormalisable couplings of the theory. This flexible definition can be applied to many models, but is less predictive than [3] . We explicitly construct an R-parity violating neutrino mass model that is "minimally flavour violating", in agreement with observation, and where the lepton flavour violation is not controlled by the light neutrino mass matrix.
In section 2, we review minimal flavour violation for the quarks, and classify neutrino mass generation mechanisms. In section 3, we discuss the purpose of Minimal Flavour Violation for leptons, and various possible implementations which we apply to some neutrino mass models. In section 4, we build an R-parity violating neutrino mass model, using the λLLE c coupling, that satisfies our preferred definition of MFVL. In the Appendix is sketched a model satisfying a more restrictive definition of MFVL.
Review
Beyond-the-Standard-Model physics, in the form of new particles or new interactions, must exist at some scale, to explain observations such as dark matter, neutrino masses, the baryon asymmetry and the temperature fluctuations in the Cosmic Microwave Background. New physics at the TeV-scale (such as, for instance, supersymmetry) is particularily desirable because it could be discovered at the LHC, and would be theoretically welcome to address the hierarchy problem. However, if there are new flavoured TeV-scale particles, as one would like, it is puzzling that their footprints have not been seen in rare flavoured and CP violating processes. So Minimal Flavour Violation is introduced as a constraint on the interactions of such new particles, to suppress their contributions to flavoured observables.
We follow the approach to Minimal Flavour Violation of [1], which starts from the flavour transformation properties of various terms in the SM Lagrangian. We define the SM to have massless neutrinos. In three generations, the fermionic kinetic terms
For instance, q L is a three component vector in quark doublet flavour space, whose kinetic term is invariant under q L → VL , where V q ∈ U q (3). This large symmetry group is broken to
where H u is the SM Higgs, and the index order on Yukawa matrices is left-right. In the lepton sector, there is one "symmetry-breaking" operator, or "spurion" in the language of [1], per vector space:
e in e R space. These hermitian matrices can be diagonalised, and are uniquely identified by their eigenvalues in the eigenbasis. So we will sometimes say the operators can "choose a basis", and discuss interchangeably the matrix, the spurion and the basis of eigenvectors who are normalised to have length 2 = the eigenvalue. In the presence of Y e (and the absence of other "basis choosing" operators in the lepton sector), there are three remaining global U (1)s. The three conserved quantum numbers can be taken as the individual lepton flavours 1 . So in our restricted definition of the SM, neutrinos are massless and lepton flavours are conserved. We add neutrino masses at the end of the section.
In the quark sector, The mixing angles and phase of the quark sector are over-determined in many flavour-changing, flavour-conserving and CP violating processes of the quark sector. For instance, the CKM angles can be obtained in tree level processes, and used to predict rates that are mediated by loops in the Standard Model. To date, the experimentally measured rates agree with these predictions, implying that the new physics contribution in loops should be smaller than the SM. For new particles with generic flavour-changing couplings, this is a strong constraint, placing the mass above 10-100 TeV [10] .
Minimal Flavour Violation was introduced to allow New Physics to have TeV-scale masses, and be consistent with precision flavoured data from the quark sector. It is a restriction on the flavour structure of new interactions. The only operators allowed in the "flavour-spaces" are those of the SM (and the identity matrix). So flavour-change and CP violation in the quarks are proportional to the CKM matrix and quark Yukawa eigenvalues, eg to
† in the mass basis of up-type doublet quarks. MFV is therefore a predictive framework, and encompasses many of the models that fit the data.
Flavour-changing processes are also observed in the lepton sector, in neutrino oscillations. The weakly intereacting neutrinos are observed to have small mass differences, and large mixing angles with respect to the charged leptons. That is, in the lepton doublet space, there are two operators that break the flavour U ℓ (3) symmetry. These are the charged lepton and neutrino mass matrices, which "choose bases" related by the MNS matrix U . In the charged lepton mass eigenstate basis (referred to as the "flavour" basis), the light neutrino mass matrix satisfies
where
To date, only flavour changing charged current processes (mediated by W exchange) are observed in the lepton sector, and MFV is not "required" for the leptons. Four elements of the MNS matrix are measured-the remainder being obtained from unitarity [11] -and CP violation is not observed. This means new leptonic physics is not stringently constrained to agree with SM predictions for CP violation, as is the case in the quark sector. Rates for unobserved FCNC lepton processes (e.g. µ → eγ) can be calculated using the MNS matrix and neutrino masses, and are well below the current experimental sensitivity. So new leptonic physics is only constrained to be less than the experimental rates, and not, as in the quark sector, to be smaller than the prediction one obtains using observed masses.
The neutrino masses can be lepton number conserving ("Dirac") or not ("Majorana"). In the Dirac case one could define MFV in the lepton sector as an exact copy of the quarks, so in this paper, we consider Majorana neutrino masses, which arise from a dimension five operator
Two classes of new physics generating this operator can be distinguished. One possibility is that it is generated by new flavoured particles, in a new flavour space. These new particles should be heavy or weakly coupled, since they have not been observed. The canonical example is the seesaw, where one adds, e.g., 3 generations of ν R , and the flavour symmetry group of the kinetic terms is enlarged to U (3) 6 . The second possibility is that the all flavoured particles live in the 5 flavour spaces of the SM, and some new lepton number-or flavour-changing interactions are included. This is the case for neutrino masses generated in the R-parity violating MSSM.
Minimal Flavour Violation for Leptons?
We assume that there are new flavoured particles at the TeV scale, and hope that this is verified soon at the LHC. A definition of Minimal Flavour Violation in the lepton sector [3] could then be interesting for various reasons. Firstly, MFV in the quark sector is well motivated by the experimental observations. So one could conclude it reflects some principle or symmetry of the underlying theory, and should apply in the lepton sector as well. Secondly, in the lepton sector, we know there must be Beyond the Standard Model physics at some scale, because we observe neutrino masses. We can hope to use MFV as a tool in distinguishing among the multitude of candidate models for new physics in the lepton sector 2 . Minimal Flavour Violation for leptons should therefore be applicable to most models, and be predictive, so we can test the hypothesis and/or differentiate models.
A predictive definition of MFV for the lepton sector has recently been introduced in [3] , and further studied in [12] . It supposes that the three light neutrinos are Majorana, with the required lepton number violation occuring at some high scale Λ LN . Two classes of models are considered: those whose particles transform according to the U 5 (3) flavour transformations of the SM, and a second scenarino with three (heavy) right-handed neutrinos.
In this work, we also take the light neutrino masses to be Majorana. If they were Dirac, MFV could be defined for leptons by copying the quark definition. Models that generate Majorana neutrino masses can be divided into two cases [3] :
• case A: models whose particles transform according to the U 5 (3) flavour transformations of the SM, and • case B: models with a flavour transformation group that is larger than that of the SM (e.g. the seesaw, where the kinetic terms of the three ν R have a U (3) symmetry).
Larger flavour transformation group
Suppose there are a several generations of a new particle, e.g. three right-handed neutrinos. The kinetic terms therefore have an enlarged flavour symmetry group, which is U 6 (3) when 3 ν R are added to the SM. The renormalisable Lagrangian for the SM + the new particle will contain the SM Yukawas, and some number of additional spurions corresponding to the interactions of the new particle. In the case of the seesaw, the Lagrangian is
and there are potentially two "basis-choosing" interactions, or spurions, in ν R space: Y ν † Y ν and M. There are a variety of potential definitions of MFV, which we illustrate with the seesaw example.
1. one could impose that the new physics may not introduce new spurions in the Standard Model flavour spaces.
In the case of the seesaw, this means that Y ν Y ν † should be diagonal in the lepton doublet flavour basis (charged lepton mass eigenstate basis). No restrictions are imposed on the number of bases chosen in the flavour space of the new particles. In the seesaw case, Y ν † Y ν and M could have different eigenbases, and must do so to reproduce the correct neutrino mixing angles. This definition of MFV for leptons is predictive but unattractive, because it implies that lepton flavour violation amoung charged leptons is suppressed by neutrino masses.
2. CGIW [3] define MFV for the seesaw by allowing the renormalisable interactions of eqn (5) to choose a second basis in ℓ space, but impose restrictions on the spurions in ν R space. They study the case where the ν R are degenerate of mass M , and CP is a symmetry of the right-handed neutrino sector [13] . (So there is only one eigenbasis in ν R space.)
The two "basis-choosing" coupling matrices in ℓ space, that are relevant for lepton number conserving flavour violation, are
If there is no CP violation in the lepton sector (the case studied by CGIW), then Y ν Y ν † = M K. In either case, lepton flavour violation is controlled by parameters from the light neutrino sector. The predictions of this scenario should be similar to the SUSY seesaw with degenerate ν R [14] .
3. The more generic (and less predictive) definition of MFV for the seesaw would be to allow all renormalisable interactions to be independent spurions, as one allows for SM constituents (equivalently, one could allow up to two spurions per vector space). In the case of the ν R , with the seesaw Lagrangian of eqn (5) and Y e Y e † in ℓ space, they have unrelated eigenbases. This is the "usual" type-1 seesaw, whose supersymmetric flavour-changing predictions have been extensively studied in the literature [15] . It is well known that in the SUSY seesaw, the rates for flavour-changing processes among the charged leptons are not related to the neutrino masses or the MNS matrix [16] .
Standard Model flavour transformations
Consider now neutrino mass models whose particles transform according to the U 5 (3) flavour transformations of the SM. In the quark sector, MFV restricts the bases chosen by flavour-dependent new interactions to be those of the SM Yukawas. That is, there are two allowed bases (spurions) in q L space, and one in u R and d R spaces respectively. 2. Alternatively one could suppose that MFV is a restriction on renormalisable couplings. This is reasonable firstly because MFV is a recipe for extrapolating in scale. We know how renormalisable couplings evolve, whereas we cannot guess, in a bottom up approach, when a non-renormalisable interaction becomes renormalisable. Secondly, one could expect that flavour is introduced into the theory at some high scale, (M GUT ?), and comes to us via renormalisable couplings.
• One could hope to define MFV, by analogy with the quark sector, as restricting all new interactions to be aligned with the SM Yukawas. But then it is difficult to obtain the large mixing angles of the MNS matrix. A model attempting to satisfy this ideal can be found in Appendix A. This version of MFV would predict that lepton flavour changing amplitudes must contain the neutrino mass to some power, or lepton number violation. Notice that this differs from the CGIW prediction; in the present case, lepton flavour violation is suppressed by the small neutrino mass scale.
• A more realistic definition of MFV, that includes some models, would allow (at least) one other basis in ℓ space. New renormalisable interactions can choose one, and only one, new basis for ℓ space, and no new bases for {e R , u R , d R , q L } spaces. That is, we take MFV as a statement about renormalisable interactions, that allows two bases in the q L and ℓ spaces, one in the u R , d R and e R spaces. The question then arises: is lepton flavour violation among charged leptons controlled by the light neutrino mass matrix? If yes, then this definition of MFVL is equivalent to that of CGIW. If the lepton flavour violating rates are independent, one could hope they give information about the neutrino mass generation mechanism.
Some renormalisable, lepton number violating interactions involving ℓ, that can be used to construct the neutrino mass matrix, are
where H u is the Standard Model doublet Higgs, T is an SU(2) triplet scalar, and the second line is in superfield notation, so are renormalisable interactions in supersymmetry. Under the U (3) flavour transformations of ℓ space, g transforms as a symmetric 6, λ ′ and µ as3, and the antisymmetric λ as a 3.
In the triplet model of eqn (7), the exchange of T induces the neutrino mass operator (4). The light neutrino mass matrix is therefore [m ν ] αβ ∝ g αβ , and flavour violation among the charged leptons is controlled by the light neutrino mass matrix [9] . In this model, this definition of MFV based on renormalisable couplings, agrees with the definition of CGIW based on mass matrices.
It seems not possible to generate observed light neutrino masses with the λ ′ coupling, if we implement strictly this definition of MFV. The λ ′ must respect MFV in the quark sector:
so the eigenvalues of λ ′ are those of the Y d . This hierarchy, when combined with quark masses to obtain m ν , gives too steep a neutrino mass hierarchy. In the following section, we construct a neutrino mass model that satisfies this definition of MFV, using the λ interaction.
The λ model
The aim of this section is to construct a neutrino mass model that has two features. It should be minimally flavour violating, in the sense that the new renormalisable interaction λ only introduces one new basis, or spurion, which is in ℓ L space. And the model should agrees with current bounds on lepton flavour violating processes (µ → eγ, etc), but the predictions for these processes should not be determined by the light neutrino mass matrix.
We take the light neutrino masses to be generated entirely by the RPV λ coupling, so we neglect λ ′ and bilinear RPV. In the charged lepton mass eigenstate basis, the light neutrino mass matrix can be written [17] [
where the A-termÃ
Y e mp ) is taken flavour diagonal and included in the mass insertion approximation, the mass matrices for the sleptonsẼ m andL m are taken diagonal in the flavour basis (which is consistent with MFV), and
The λ n ij is an antisymmetric matrix on its doublet indices i, j, so corresponds to a plane in ℓ L space. It is convenient to rewrite it as a single index object in ℓ L space (the vector orthogonal to the plane), using the antisymmetric ǫ tensor
The ǫ ijk is SU(3) invariant, but not U (3) invariant, so this renaming has some peculiar consequences. Consider the case where λ n ij ∝ ǫ ijn , soλ is "flavour diagonal". However, since it transforms under SU ℓ (3) × SU e (3) as ℓe R , it is not invariant, and the flavour differences L e − L µ and L e + L µ − 2L τ are conserved mod 2 in four fermion interactions.
The "MFV" constraint is that jλ sjλ * tj should be diagonal in the singlet charged lepton mass basis, with eigenvalues proportional to the charged lepton Yukawas 3 . We will permute the µ − τ eigenvalues, that is ij λ . In both cases the horizontal light gray band represents the experimentally allowed parameter space [18] .
where V λ is a unitary matrix transforming from the charged lepton basis to the eigenbasis ofλ. The observed light neutrino parameters, with masses in the inverse hierarchy, can be obtained from
where c = cos(π/4 + δ). This corresponds to
For θ = π/4, ǫ = 0 and degenerate sleptons, eqn (9) gives exactly degenerate neutrinos ν e and ν µ−τ , whose mass varies inversely with the slepton mass. The observed neutrino mass differences and mixing angles, in the inverse hierarchy, can be obtained by including small perturbations. e difference between the square of the slepton masses m 2 µ −m 2 τ and the small mixing angle ǫ contribute to splitting the ν 1 and ν 2 masses, while the parameter δ of the V λ matrix seems to control the solar mixing angle.
In Figure (1) we show the behaviour of two physical parameters, tan 2 θ 12 and the ratio ∆m 2 sol /∆m 2 atm , when the parameters δ and ǫ vary. For both the plots, we have considered only those points in agreement with the experimental bounds on the remaining set of neutrino parameters. From the intersection between the dark and the light region we can deduce the range of availability for ǫ and δ. (The slepton mass difference in these plots is fixed at a value that could be generated by renormalisation group running.) This λ model, then, satisfies our requests. The neutrino masses are generated by a renormalisable operatorλ, whose eigenbasis is related with the charged lepton mass eigenbasis by a matrix V † λ different from the MNS mixing matrix. The matrix V † λ , then, has become the operator that guides flavour violating processes, whose amplitudes are now determined by the λ couplings. In particular, we can see in (14) that the order of magnitude of each λ coupling is determined by its upper index, which is related with the flavour of the right-handed particle involved in the vertex. 
−11 100 GeV mν 4 < 1.9 10
Table 1: Table of the branching ratios for flavour violating processes. In the second column appear the branching ratios predicted in the λ model, while in the third column are indicate the experimental bounds at 90% of confidence level [19] .
As we can see in Table 1 the experimental bounds on FV decays are satisfied in this λ model, in agreement with our definition of MFV. The strongest experimental constraints on FV processes are given for the muon decay into three electrons and the µ → eγ decay [19, 20, 21] . The flavour violating decays with charged leptons in the initial and final states, like µ − → e − e + e − , appear at the tree level and are mediated by the exchange of a left-handed sneutrinoν i . So, it can be easily understood why the decay rates of muon, but also tau, into three electrons are so low. In addition to the suppression due to the sneutrino mass, in each diagram appears a vertexνee, whose amplitude is determined by a coupling of the form λ e αβ which is proportional to the small electron mass, since right-handed sneutrinos are not present in the model.
The µ → eγ decay [20] , instead, appears at a loop level, mediated by a charged lepton and slepton. In this case the main contribution comes from the diagram with vertices proportional to λ
, whose large contribution is somewhat compensated by the loop suppression. We estimate the decay branching ratio in our model to be ∼ 6×10 −13 , and we can notice that, although this value respects the present experimental constraint, it could be accessible in the next experiments.
Summary
In the lepton sector, new beyond-the-Standard-Model (BSM) interactions are required to generate neutrino masses. If these masses are Majorana, they arise from a dimension five operator whose flavour structure (eigenvalues, eigenvectors in lepton doublet space) may not be the same as the (renormalisable) BSM interactions. In this context, it is not obvious to define Minimal Flavour Violation for leptons. One can take the "minimal" scenario to be that flavourchange in the lepton sector is controlled by the neutrino mass matrix, which is in part known. This predictive approach was taken in [3] .
However, there are neutrino mass generation mechanisms that do not make this prediction, since flavour change may be proportional to a different combination of renormalisable couplings than enters m ν . In this paper, we explore various possible definitions of "minimally flavour violating", based on the renormalisable interactions in the Lagrangian. We suppose that Minimal Flavour Violation is a restriction on the number of inequivalent eigenbases that renormalisable flavour-dependent interactions can choose. The most minimal possibility would be to restrict the new interactions to align themselves with the charged lepton Yukawa, but then it is difficult to obtain MNS mixing angles (without enlarging the flavour transformation group, for instance by adding right-handed neutrinos). The leptonic masses and mixing angles can be obtained in more models (e.g. triplet, R-parity violation) by allowing two eigenbases in doublet lepton space. The second basis may be other than the neutrino mass basis; we construct a model where flavour violation among charged leptons is not predictable from the light neutrino mass matrix.
Data in the quark sector suggest that new particles and interactions at the TeV-scale should satisfy Minimal Flavour Violation. Data in the lepton sector do not require a minimal flavour violation principle, but one could imagine it is there, by analogy with the quarks. Unfortunately, there are many possible definitions, which seem either predictive, or able to include many models. A compelling definition of MFV, giving different predictions for different neutrino mass generation mechanisms, could be useful in attempting a bottom-up reconstruction of the neutrino mass mechanism [22] from lepton flavour violating rates.
Appendix A
The aim of this appendix is to obtain an acceptable neutrino mass matrix, using new interactions that are diagonal in the charged lepton mass basis. We consider an RPV model, with lepton number violating terms in the superpotential
an L / soft term B i H u L i , and we estimate the light neutrino mass matrix from the formulae in [23] . It seems possible to obtain degenerate light neutrinos (m ν ∼ 0.2 eV), and an MNS matrix in agreement with observations 4 . This peculiar result arises by taking
and all other R p / couplings to be zero. The usual µ 0 and B 0 terms are µ 0 H u H d in the superpotential and B 0 H u H d among the soft breaking terms, and we will later solve for the desired values of δ µ , δ B . We claim that λ ∝ ǫ ijk is "flavour-diagonal", insofar as it is an SU(3) invariant (see discussion after eqn (11)). We can obtain off-diagonal contributions to the neutrino mass matrix, by combining it with the "bilinear" R p / interactions B τ and µ µ . The leading contributions to the neutrino mass matrix, in the charged lepton mass basis, can be estimated as [23] [ 
where m SUSY ∼ 300 GeV is of order the slepton and neutralino masses. We can match this onto the neutrino mass matrix for degenerate light neutrinos, with θ 13 = 0. Concentrating first on the µτ submatrix, we obtain
and get the large atmospheric mixing by taking m 1 , the lightest mass of the degenerate neutrinos, to be 4π∆m 2 atm /g 2 ≃ .2 eV.
The first row has a desirable sign difference between the eµ and eτ entries, and can be adjusted to give the solar mass difference and mixing angle by taking λ ∼ .02 and tan β > ∼ 10 (tan β enters via the charged lepton Yukawas).
